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Abstract. We introduce the notion of Glanon groupoids, which are Lie groupoids 
equipped with multiplicative generalized complex structures. It combines symplectic 
groupoids, holomorphic Lie groupoids and holomorphic Poisson groupoids into a unified 
framework. Their infinitesimal, Glanon Lie algebroids are studied. We prove that there 
is a bijection between Glanon Lie algebroids and source-simply connected and source- 
connected Glanon groupoids. As a consequence, we recover various integration theorems 
{^JQf and obtain the integration theorem for holomorphic Poisson groupoids. 

< 

1. Introduction 

In their study of quantization theory, Karasev (20] , Weinstein [34j , and Zakrzewski |40| HT] 
independently introduced the notion of symplectic groupoids. By a symplectic groupoid, 
we mean a Lie groupoid equipped with a multiplicative symplectic two-form on the space 
of morphisms. It is a classical theorem that the unit space of a symplectic groupoid 
is naturally a Poisson manifold [8j. Indeed the Lie algebroid of a symplectic groupoid 
is naturally isomorphic to [T*P)t^, the canonical Lie algebroid associated to the 
Poisson manifold (P, vr). In [29j, Mackenzie and one of the authors proved that, for a 
given Poisson manifold (P, tt), if the Lie algebroid {T*P)t^ integrates to a s-connected 
and s-simply connected Lie groupoid F^P, then F is naturally a symplectic groupoid. 
The symplectic groupoid structure on F was also obtained by Cattaneo-Felder using 
the Poisson sigma model. The general integration condition for symplectic groupoids was 
completely solved recently by Crainic-Fernandes 

Recently, there has been increasing interest in holomorphic Lie algebroids and holomorphic 
Lie groupoids. It is a very natural question to find the integrability condition for holomor- 
phic Lie algebroids. In |24| . together with Laurent-Gengoux, two of the authors studied 
holomorphic Lie algebroids and their relation with real Lie algebroids. In particular, they 
proved that associated to any holomorphic Lie algebroid A, there is a canonical real Lie 
algebroid such that the inclusion A Aoo is a morphism of sheaves. Here A and Aoo 
denote, respectively, the sheaf of holomorphic sections and the sheaf of smooth sections 
of A. In other words, a holomorphic Lie algebroid can be considered as a holomorphic 
vector bundle A ^ X whose underlying real vector bundle is endowed with a Lie algebroid 
structure such that, for any open subset U C X, [A{U), A{U)] C A{U) and the restriction 
of the Lie bracket [•, •] to A{U) is C-linear. In particular, they proved that a holomorphic 
Lie algebroid A is integrable as a holomorphic Lie algebroid if and only if its underlying 
real Lie algebroid Ar is integrable as a real Lie algebroid |25| . 

In this paper, we introduce the notion of Glanon groupoids, as a unification of symplectic 
groupoids and holomorphic groupoids. By a Glanon groupoid, we mean a Lie groupoid 
equipped with a generalized complex structure in the sense of Hitchin [16] which is multi- 
plicative. Recall that a generalized complex structure on a manifold M is a smooth bundle 
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map J : TM T*M TM T*M such that j"^ = - Id, J J* = Id, and the +i- 
eigenbundle of J' is involutive with respect to the Courant bracket, or the Nijenhuis tensor 
of J vanishes. A generahzed complex structure J' on a Lie groupoid T^M is said to be 
multiphcative if ^ is a Lie groupoid automorphism with respect to the Courant groupoid 
Tr0T*r^rM0 A* m the sense of Mehta ^Oj. When J is the generahzed complex struc- 
ture associated to a symplectic structure on F, it is clear that is multiplicative if and 
only if the symplectic two-form is multiplicative. Thus its Glanon groupoid is equivalent 
to a symplectic groupoid. On the other hand, when J' is the generalized complex structure 
associated to a complex structure on F, ^ is multiplicative if and only if the complex 
structure on T is multiplicative. Thus one recovers a holomorphic Lie groupoid. On the 
infinitesimal level, a Glanon groupoid corresponds to a Glanon Lie algebroid, which is a Lie 
algebroid A equipped with a compatible generalized complex structure, i.e. a generalized 
complex structure J'a '■ TA @T*A^ TA T*A which is a Lie algebroid automorphism 
with respect to the Lie algebroid TA T*A TM A* . More precisely, we prove the 
following main result: 

Theorem A. If T is a s-connected and s-simply connected Lie groupoid with Lie algebroid 
A, then there is a one-one correspondence between Glanon groupoid structures on T and 
Glanon Lie algebroid structures on A. 

As a consequence, we recover the following standard results |29^ I25| : 

Theorem B. Let (P, vr) be a Poisson manifold. IfT is a s-connected and s-simply connected 
Lie groupoid integrating the Lie algebroid {T*P)tj, then T automatically admits a symplectic 
groupoid structure. 

Theorem C. If T is a s-connected and s-simply connected Lie groupoid integrating the 
underlying real Lie algebroid Aji of a holomorphic Lie algebroid A, then T is a holomorphic 
Lie groupoid. 

Another important class of Glanon groupoids is when the generalized complex structure 
J7 on r has the form 



It is simple to see that in this case (F^M, J') being a Glanon groupoid is equivalent to F 
being a holomorphic Poisson groupoid. On the other hand, on the infinitesimal level, one 
proves that their corresponding Glanon Lie algebroids are equivalent to holomorphic Lie 
bialgebroids. Thus as a consequence, we prove the following 

Theorem D. Given a holomorphic Lie bialgebroid (A, A*), if the underlying real Lie al- 
gebroid Aji integrates to a s-connected and s-simply connected Lie groupoid T, then T is a 
holomorphic Poisson groupoid. 

A special case of this theorem was proved in [25j using a different method, namely, when 
the holomorphic Lie bialgebroid is {{T*X)tj,TX), the one corresponding to a holomorphic 
Poisson manifold (X, vr). In this case, it was proved that when the underlying real Lie 
algebroid of {T*X)t^ integrates to a s-connected and s-simply connected Lie groupoid F, 
then F is automatically a holomorphic symplectic groupoid. However, according to our 
knowledge, the integrating problem for general holomorphic Lie bialgebroids remain open. 
Indeed, solving this integration problem is one of the main motivation behind our study 
of Glanon groupoids. 
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It is known that the base manifold of a generahzed complex manifold is automatically a 
Poisson manifold [2, ,25] . Thus it follows that a Glanon groupoid is automatically a (real) 
Poisson groupoid. On the other hand, a Glanon Lie algebroid A admits a Poisson structure, 
which can be shown a linear Poisson structure. Therefore A* is a Lie algebroid. We prove 
that (A, A*) is indeed a Lie bialgebroid, which is the infinitesimal of the associated Poisson 
groupoid of the Glanon groupoid. 

Note that in this paper we confine ourselves to the standard Courant groupoid TT © 
T*T. We can also consider the twisted Courant groupoid {TT © T*T)h, where H is a, 
multiplicative closed 3-form. This will be discussed somewhere else. Also note that a 
multiplicative generalized complex structure on the groupoid T induces a pair of maps 
ju ■■ TM e A* ^ TM e A* and Ja ■■ A ® T* M ^ A ® T*M on the units and on the 
core, respectively. Since a multiplicative generalized complex structure is the same as 
two complex conjugated multiplicative Dirac structures on the groupoid, we get following 
the results in [19], (12j that a multiplicative generalized complex structure is the same 
as two complex conjugated Manin pairs over the set of units M (in the sense of 
The detailed study of properties of the maps jA,jui the Manin pairs, and the associated 
Dorfman connections will be investigated in the spirit of |,24j in a future project. 
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primary role should be to elucidate and enjoy the beauty of mathematics. We dedicate 
this paper to them. 

1.1. Notation. In the following, T^M will always be a Lie groupoid with set of arrows 
r, set of objects M, source and target s, t : F — )• M and object inclusion map e : M ^ T. 
The product of g,h (zT with s{g) = t{h) will be written m{g,h) = g-kh oi simply gh. 

The Lie functor that sends a Lie groupoid to its Lie algebroid and Lie groupoid morphisms 
to Lie algebroid morphisms is A. For simplicity, we will write A(F) = A. The Lie algebroid 
QA '■ A ^ M \s identified with T^jT, the bracket [• , ■\a is defined with the right invariant 
vector fields and the anchor = p is the restriction of Tt to A. Hence, as a manifold, 
A is embedded in TT. The inclusion \s l : A ^ TT. Note that the Lie algebroid of 
F^M can alternatively be defined using left-invariant sections. Given a € T{A), the right- 
invariant section corresponding to a will simply be written al' , i.e., aJ'{g) = TRga{t{g)) 
for all 5 G F. We will write a' for the left-invariant vector field defined by a, i.e., a' (5) = 
-T{Lgo\){a{s{g))) for ah 5 G F. 

The projection map of a vector bundle A ^ M will always be written qa '■ A ^ M, 
unless specified otherwise. For a smooth manifold M, we fix once and for all the notation 
Pm '■= Qtm '■ TM — > M and cm '■= Qt*m '■ T*M M. We will write Pm for the direct 
sum TM @T* M of vector bundles over M, and pr^^^ for the canonical projection Pm — )• M. 

A bundle morphism Pm ^ Pmj for a manifold M, will always be meant to be over the 
identity on M. 

2. Preliminaries 

2.1. Dirac structures. Let A ^ M he a vector bundle with dual bundle A* — )• M. The 
natural pairing A® A* ^ R, {am,^m) ^ Cm(am) will be written |- , ■'\a or \- , - j^^ if the 
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vector bundle structure needs to be specified. The direct sum A (B A* is endowed with a 
canonical fiberwise pairing (• , •)a given by 

{{am,^m), ibm,rim))A = lbm,^m^A + lam.,rim^A (1) 

for all m e M, am, bm G Am and ^m, Vm G ^m- 

In particular, the Pontryagin bundle Pj\/ := TM © T*M of a smooth manifold M is 
endowed with the pairing (• , ■)tm, which will be written as usual (• , ■)m- 

The orthogonal space relative to the pairing {• ,-)a of a subbundle E C A (B A* will be 
written in the following. An almost Dirac structure [9| on M is a Lagrangian vector 
subbundle D C Pm- That is, D coincides with its orthogonal relative to ([T|), D = D"*-, so 
its fibers are necessarily dim M-dimensional. 

The set of sections T{Pm) of the Pontryagin bundle of M is endowed with the Courant 
bracket, given by 

[X + a, y + /3] = [X, Y] + (^£xf3 - £ycx + ^d{a{Y) - (2) 

= [X, Y] + (^£xl3 - iyda - ^d((X, a), {Y, /3))m) 
for all X + a,Y + 13 £ T{Pm). 

An almost Dirac structure D on a manifold M is a Dirac structure if its set of sections 
is closed under this bracket, i.e., [r(D),r(D)] C r(D). Since {X + a,Y + f3) = if 
{X,a),{Y,l3) G r(D), integrability of the Dirac structure is expressed relative to a non- 
skew-symmetric bracket that differs from ([2|) by eliminating in the second line the third 
term of the second component. This truncated expression is called the Dorfman bracket 
in the literature: 

lX + a,Y + /3j = [X,Y] + {£xP-iYda) (3) 
foranX + a,y + /3Gr(D). 

2.2. Generalized complex structures. Let y be a vector space. Consider a linear 
endomorphism J' oi V ® V* such that J'^ = — Idy and is orthogonal with respect to 
the inner product 

{X + tY + r,)v = C{Y) + r,{X), yX,YeV, C,v^V*. 

Such a linear map is called a linear generalized complex structure by Hitchin |16) . The 
complexified vector space {V (B V*) C decomposes as the direct sum 

of the eigenbundles of J' corresponding to the eigenvalues ±i respectively, i.e., 

E± = {{X + ij{x + 0\ x + iev®v*}. 

Both eigenspaces are maximal isotropic with respect to (• , •) and they are complex conju- 
gate to each other. 

The following lemma is obvious. 

Lemma 2.1. The linear generalized complex structures are in 1-1 correspondence with the 
splittings (V V*) (8> C = Ej^ © E^ with E± maximal isotropic and E^ = E^. 

Now, let M be a manifold and J a bundle endomorphism of Pj\/ = TM © T*M such that 
= — Idp^^, and J is orthogonal with respect to (• , ■)m- Then ^7 is a generalized almost 
complex structure. In the associated eigenbundle decomposition 

TcM ®T^M = E+(BE^, 
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if T{E^) is closed under the (complexified) Courant bracket, then is a (complex) Dirac 
structm'e on M and one says that is a generalized complex structure [T5j. In this 
case, E- must also be a Dirac structure since E- = E^. Indeed (£'+,£'_) is a complex Lie 
bialgebroid in the sense of Mackenzie-Xu |28| . in which E^ and E^ are complex conjugate 
to each other. 

Definition 2.2. Let ■ Pm Pm be a vector bundle morphism. Then the generalized 
Nijenhuis tensor associated to J is the map 

J^j ■■ Pm xA'I Pm Pm 

defined by 

for all (,,rj £ T{Pm), where the bracket is the Courant-Dorfman bracket. 

The following proposition gives two equivalent definitions of a generalized complex struc- 
ture. 

Proposition 2.3. A generalized complex structure is equivalent to any of the following: 

(a) A bundle endomorphism J of Pm such that J is orthogonal with respect to 
{■,-)m, = -ld andMj = 0. 

(b) A complex Lie bialgebroid (E^,E-) whose double is the standard Courant alge- 
broid TqM © T^M , and E^ and E- are complex conjugate to each other. 

For a two-form w on M we denote by o} : TM -^T*M the bundle map X I— > ix^) while 
for a bivector vr on M we denote by vr'* : T*M — )• TM the contraction with vr. Also, we 
denote by [■,-\tt the bracket defined on the space of 1-forms on M by 

[i, rj]^ = L^i^r] - L^i^(, - dTr{^, r]) (4) 

for all ^,r/ G n\M). 

A generalized complex structure J' : Pm Pm can be written 

where vr is a bivector field on M, a; is a two-form on M, and N : TM — ?• TM is a bundle 
map, satisfying together a list of identities (see [IQ]). In particular vr is a Poisson bivector 
field. 

Let X : Pjv/ — ^ Pa/ be the endomorphism 

\ - Idr-Af 
Then we have 

{I{-),I{-))m = -{-,-)m, 
m-), !{■)}= 11, ■} 
and the following proposition follows. 

Proposition 2.4. If J is an almost generalized complex structure on M, then 

J:=loJoZ (6) 
is an almost generalized complex structure. Furthermore, 

A/> =XoA/>o (Z,X). 

Hence, J is a generalized complex structure if and only if J is a generalized complex 
structure. 
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The following are two standard examples |16| . 

Examples 2.5. (a) Let J be an almost complex structure on M. Then 

^"(o -J*) 

Is {■ , ■)m -orthogonal and satisfies j'^ = — Id. J is a generalized complex struc- 
ture if and only if J is integrable. 
(b) Let Lo he a nondegenerate 2- form on M. Then 




is a generalized complex structure if and only if duj = 0, i.e., oj is a symplectic 
2- form. 



2.3. Pontryagin bundle over a Lie groupoid. 

The tangent prolongation of a Lie groupoid. Let V^M be a Lie groupoid. Applying 
the tangent functor to each of the maps defining V yields a Lie groupoid structure on TV 
with base TM, source Ts, target Tt and multiplication Tm : T{T x m L) ^ TT. The 
identity at Vp G TpM is 1^,^ = TpCVp. This defines the tangent prolongation TT^TM of 
r^M or the tangent groupoid associated to T^M. 

The cotangent Lie groupoid defined by a Lie groupoid. If T^M is a Lie groupoid 
with Lie algebroid AT M, then there is also an induced Lie groupoid structure on 
T*T^A*T = (TM)°. The source map s : r*r A* is given by 

s{ag) G for ag G T*T, s{ag){a{s{g))) = ag{a\g)) 
for all a G r(^), and the target map t : T*T — )• A* is given by 

i{ag) G t(ag)(a(t(5))) = 0^(0'^ (5)) 

for all a G r(^). If s{ag) = i{afi), then the product ag *a/i is defined by 

{ag-kah){vg-kvh) = OLg{vg) +ah{vh) 
for all composable pairs (vg,Vh) G T^g^fi-^{T Xm T). 

This Lie groupoid structure was introduced in and is explained for instance in [51l32|[27]. 
Note that the original definition was the following: let Ar be the graph of the partial 
multiplication m in F, i.e., 

Ar = {{9, h,g*h) \ g,h £ T, s{g) = t{h)}. 

The isomorphism ip : (r*r)^ {T*T)^, ip(a,f3,j) = (a,/3,— 7) sends the conormal space 
(TAg)" C (T*r)3|Aj, to a submanifold A* of {T*Tf. It is shown in [8] that A* is the graph 
of a groupoid multiplication on T*T, which is exactly the multiplication defined above. 

The "Pontryagin groupoid" of a Lie groupoid. If T^M is a Lie groupoid with Lie 
algebroid A — ?> M, according to |30) . there is hence an induced VB-Lie groupoid structure 
on Pr = TT © r*r over TM © A* , namely, the product groupoid, where TT © r*r and 
TM © A* are identified with the fiber products TT Xp T*T and TM Xm A* , respectively. 
It is called a Courant groupoid by Mehta |30| . 

Proposition 2.6. Let T^M be a Lie groupoid with Lie algebroid A M. Then the 
Poytryagin bundle Pr = TT © T*T is a Lie groupoid over TM © A* , and the canonical 
projection Pr — >■ F is a Lie groupoid morphism. 
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We will write Tt for the target map 

Tt : Pr TM A* 

{Vg,ag) ^ {Tt{Vg),i{ag)) ' 

Ts for the source map 

Ts : Pr ^ TM A* 

and Te, Ti, Tm for the embedding of the units, the inversion map and the multiplication 
of this Lie groupoid, i.e. for instance 

Ts{eg) = {s,,s){eg) £T,^g^M X A*^g^ 

for all Cg £ Pr{g)- 

2.4. Pontryagin bundle over a Lie algebroid. Given any vector bundle qa : A — > M, 
the map Tq^ '■ TA — > TM has a vector bundle structure obtained by applying the tangent 
functor to the operations in A — > M. The operations in TA — > TM are consequently 
vector bundle morphisms with respect to the tangent bundle structures in TA — > A and 
TM — > M and TA with these two structures is therefore a double vector bundle which 
we call the tangent double vector bundle of A — M (see |26| and references given there). 

If (qa ■ A — )• M, [■ , -JajPa) is a Lie algebroid, then there is a Lie algebroid structure on 
Tqa ■ TA — > TM defined in |28) with respect to which pA ■ TA — > j4 is a Lie algebroid 
morphism over pM : TM — > M; we now call this the tangent prolongation of A — t- M. 

For a general vector bundle q: A — > M, there is also a double vector bundle 

T*A^^A* . (7) 

CA q* 

A ^M 

Here the map ta is the composition of the Legendre transformation T*A — )• T*A* with 
the projection T*A* A* [28j. 

Elements of T*A can be represented locally as (cj, a, (j)) where uo € T^M, a G A^, G A^ 
for some m £ M. In these terms the Legendre transformation 

R : T*A T*A* 

can be defined by R{oj,(j),a) = {—U},a,(f))] for an intrinsic definition see |28| . This R is 
an isomorphism of double vector bundles preserving the side bundles; that is to say, it is 
a vector bundle morphism over both A and A* . Since ^ is a Lie algebroid, its dual A* 
has a linear Poisson structure, and the cotangent space T*A* has a Lie algebroid structure 
over A* . Hence, there is a unique Lie algebroid structure on ta '■ T*A — )• A* with respect 
to which the projection T*A — )• A is a Lie algebroid morphism over A* ^ M . As a 
consequence, one can form the product Lie algebroid TA XaT*A — )• TM Xm A* . Thus we 
have the following 

Proposition 2.7. Let A ^ M be a Lie algebroid. Then the Pontryagin bundle Pa is 
naturally a Lie algebroid. Moreover, the canonical projection Pa A is a Lie algebroid 
morphism. 

The double vector bundle {Pa,TM A*,A,M) is a VB-Lie algebroid in the sense of 
Gracia-Saz and Mehta [14j. 
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2.5. Canonical identifications. The canonical pairing I- , ■'\a : A © A* — > M induces 
a nondegenerate pairing {{■,■)) A = pr2 1 ' ^'^A on TA Xtm TA* , where pr2 : 
M X M ^ M (see [27]): 



TA xtmTA* 




AeA* 



That is, if X = ^ | t=o^(^) ^ and ^ = ^ | a(t) G TA are such that TgAl?) = 

Tca{x), then ((x,0)a = ^ L=o 1 a{t),^(t)U- For instance, if X € r(^) and i G r(^*), 
then TX G TtmI^^) and G Ttm{TA*) are such that TqA{TX) = Mtm = Tc^lT^) 
and we have for all Vp = c(0) G TpM: 



{{TX{vp),T^{vp))), 



di 



IX,^U {c{t))=pv,{Tp{({X)){vp)). 



(8) 



t=o 



If (Tg^)"^ : (TA)'^ TM is the vector bundle that is dual to the vector bundle Tqa '■ 
TA TM, there is an induced isomorphism / 

TA* (rA)v 

TCA {TqAY 

TM ^ TM 

that is defined by 

U,/(x)iTA^TM = ((e,X))A (9) 
for all X ^ TA* and ^ G TA such that Tc^(x) = TqA{i)- That is, the following diagram 
commutes: 



TA XtmTA* 

(Id,/) 
TA XTM {TAy 




Applying this to the case qa = Ptm, we get an isomorphism 

T{T*M) — {TTMY 

TcM {TpmY 

TM ^TM 

We have also the canonical involution 

TTM TTM 

TpM PTM 

TM ^TM 



Recall that for V G X{M) the map TV : TM TTM is a section of TpM : TTM TM 
and a{TV) is a section oi ptm '■ TTM — ?> TM, i.e. a vector field on TM. 



8 



We get an isomorphism ^ := a* o / : T{T*M) 

T{T*M) — 



TM ■ 



Proposition 2.8. The map S 



a,q):TPM 
E 



TPm 
TM 



> T*{TM) 
T*{TM) 

-^TM 

Ptm , 
TM 



(10) 



where pijyj : P^v/ — ?• M is the projection, establishes an isomorphism of vector bundles. 
2.6. Lie functor from Pp to P^. 

Proposition 2.9. Let T^M be a Lie groupoid with Lie algebroid A. Then the Lie algebroid 
o/ Pr is canonically isomorphic to Pa- 

Moreover, the pairing {■ , •)r is a groupoid morphism: Pr Xr Pr — >■ Its corresponding Lie 
algebroid morphism coincides with the pairing {■ , ■)a '■ Pa Pa — ^ under the canonical 
isomorphism A(Pr) — Pa- 

This is a standard result. Below we recall its proof which will be useful in the following. 

For any Lie groupoid T^M with Lie algebroid A — )• M, the tangent bundle projection 
Pr : TT — ?> F is a groupoid morphism over pM ■ TM M and applying the Lie functor 
gives a canonical morphism A(pr) : A(TF) — ?> A. This acquires a vector bundle structure 
by applying A(-) to the operations in TT F. This yields a system of vector bundles 

'?A{Tr) 



A(rF) 



TM 



A{pr) 



Pm 



A 



M 



QA 

in which A(rF) has two vector bundle structures, the maps defining each being morphisms 
with respect to the other; that is to say, A(TF) is a double vector bundle. 

Associated with the vector bundle qA '■ A — > M is the tangent double vector bundle 

TA^^^TM . 



PA 



PM 



A- 



QA 



M 



It is shown in 
map 



that the canonical involution a : T{TT) T{TT) restricts to a canonical 



ar : A{TT) TA 

which is an isomorphism of double vector bundles preserving the side bundles. Note that 
here, A is seen as a submanifold of TT. 

Similarly, the cotangent groupoid structure T*T^A* is defined by maps which are vector 
bundle morphisms and, reciprocally, the operations in the vector bundle cr : T*T — > F 



are groupoid morphisms. Taking the Lie algebroid of T*T^A* we get a double vector 
bundle 

A(r*r) "^^^'^^ — ^A* (11) 



A(cr) 



PM 



A- 



where the vector bundle operations in A{T*T) 
functor to those in T*T T. 



■M 

A are obtained by applying the Lie 



It follows from the definitions of the operations in T*T^A* that the canonical pairing 
, -^Tr '■ TT Xr T*T — ?> M is a groupoid morphism into the additive group(oid) M. Hence 
l-,-Wr induces a Lie algebroid morphism A{l-,-Wr) ■ A{TT) xa A(r*r) A(M) = 
R. Note that A(|- , -Jte) is the restriction to A(rr) x^ A(T*r) of ((• , •))Tr : T{TT) Xp 

T(r*r) R. 

As noted in [28], A(|- , -jTr) is nondegenerate, and therefore induces an isomorphism of 
double vector bundles Ir : A(r*r) A(rr)^, where A(TTy is the dual of A(rr) A. 
Now dualizing erf ^ : TA A{TT) over A, we define 

= (fjf o /r : A(rT) ^ T*A; 

this is an isomorphism of double vector bundles preserving the side bundles. The Lie 
algebroids T*A — )• A* and A(r*r) — )• A* are isomorphic via c^-p- 

The Lie algebroid of the direct sum Pr = TT © T*r is equal to 

A(Pr) = r;^^Pr, 

where we write U for the unit space of P^; i.e., U := TM © A* . By the considerations 
above, we have a Lie algebroid morphism Sr = S|a(Pp) = (o"r,?r): 

Id A 



A(P 




TA © T*A 




TM 

preserving the side bundles A and TM © A* . 
Recall that we have also a map 



rr- 



Lemma 2.10. Let F^M be a Lie groupoid and u an element o/ A(Pr) C TP-p projection 
to am & A and {vm,am) G T^M x A*^. Then, ifSriu) = (va™,aa„) S PA(am) and 
T,{u) = (va™,aa„) G Prr {am), we have 



and 



Otn 



OLn 
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Proof. The first equality follows immediately from the definition of ar- 

Choose Ta^A B Wa^ = oriy) for some y E A{TT) C r(rr) and Wa^ ■= i*Wa^- Write also 
U = {x,^) with X G A(Pr) and ^ G A(r*r) C r(r*r), i.e. = ^r(0- Then we have 
A{pr){y) = A(cr)('^) and we can compute 

lWa^,aa^WA = I y, IriOUiTT) 

=Hl-rWr) {y,0 = Ta-,-Wr)){y,0 
={{y,0) = ly,mhpr 

□ 



The pairing (• , •)r is a groupoid morphism Pr Xp Pp M. Hence, we can consider the Lie 
algebroid morphism 

A((- , •)r) : A(Pr) A(Pr) ^ A(IR) = M. 

We have 

A((- , ■)t) = {W2 , •)r) |A(Pr)xA(Pr)- (12) 

We can see from the proof of the last lemma that A('[- , -^tt) coinsides with 1 ■ -^ta under 
the isomorphism Ep. Hence, A((- , •)r) coincides with the pairing (• , ■)a ■ Pa xa Pa 
under the canonical isomorphism A(Pr) — Pa- 



3. Multiplicative generalized complex geometry 



3.1. Glanon groupoids. 

Definition 3.1. Let T^M be a Lie groupoid with Lie algebroid A M . A multiplicative 
generalized complex structure on T is a Lie groupoid morphism 



TT e r*r ■ 



J 



TT e r*r 



Tt 



Ts 



Tt 



Ts 



TM e A* ^ TM e A* 

such that J is a generalized complex structure. 

The pair (T^M, J') is then called a Glanon groupoid. 

This is equivalent to D j and D^, the eigenspaces of J : {TT®T*T)(g)C {TT®T*T)(g)C 
to the eigenvalues i and —i being multiplicative Dirac structures on T^M \31\ I18|. 

Note also that J' is a Lie groupoid morphism if and only if the maps : TT — )• TT, 
^tt . _^ N* : r*r ^ T*T and uj^ : TT ^ T*T such that 

(N vr« \ 
^ \uj^ -N*j 

are all Lie groupoid morphisms. 
In particular, we have the following 

Proposition 3.2. If T is a Glanon groupoid, then T is naturally a Poisson groupoid. 
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Example 3.3 (Glanon groups). Let G^{*} be a Glanon Lie group. Since any multi- 
plicative two-form must vanish (see for instance [l8j ). the underlying generalized complex 
structure on G is equivalent to a multiplicative holomorphic Poisson structure. Therefore, 
Glanon Lie groups are in one-one correspondence with complex Poisson Lie groups. 

Example 3.4 (Symplectic groupoids). Gonsider a Lie groupoid T^M equipped with a 
non-degenerate two- form uj. Then the map 

\u 

where uj^ : TV T*T is the bundle map X ix^, defines a Glanon groupoid structure 
on r^M if and only if (r,a;) is a symplectic groupoid. 

Example 3.5 (Holomorphic Lie groupoids). Let T be a holomorphic Lie groupoid with 
Jr : TV — )• rr being its almost complex structure. Then the map 

defines a Glanon groupoid structure on T 

3.2. Glanon Lie algebroids. Let Abe a Lie algebroid over M. Recall that = TA © 
T*A has the structure of a Lie algebroid over TM © A* . 

Definition 3.6. A Glanon Lie algebroid is a Lie algebroid A endowed with a generalized 
complex structure J a '-^ A that is a Lie algebroid morphism. 

Proposition 3.7. If A is a Glanon Lie algebroid, then (A, A*) is a Lie bialgebroid. 

Example 3.8 (Glanon Lie algebra). Let g be a Lie algebra. Then Pg = g x (g © g*) is a 
Lie algebroid over g*. Hence, a map 

can only be a Lie algebroid morphism if Jx,^* (y, (,) = Jx\%* (y' 1 for all x, y, x' , y' € g. In 
particular, Jx,Q*{y,0 = ^x,g*(y',6 for aU x,y,y' G g and the map Jx ■ {x} x q x q* 
{x} X g X g* has the matrix 

"^x "^x 



It thus follows that it must be equivalent to a complex Lie bialgebra. 

Example 3.9 (Symplectic Lie algebroid). Let (M, vr) be a Poisson manifold. Let A be 
the cotangent Lie algebroid A = (T*M)^. Then the map 

( 

\^A J 

where uja is the canonical cotangent symplectic structure on A, defines a Glanon Lie 
algebroid structure on A. 

Example 3.10 (Holomorphic Lie algebroids). Let A be a holomorphic Lie algebroid. Let 
Api be its underlying real Lie algebroid and j : TAr TAr the corresponding almost 
complex structure. Then the map 

'j 

defines a Glanon Lie algebroid structure on Ar. 
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3.3. Integration theorem. Now we are ready to state the main theorem of tliis paper. 

Theorem 3.11. If T is a Glanon groupoid with Lie algehroid A, then A is a Glanon Lie 
algebroid. 

Conversely, given a Glanon Lie algebroid A, ifV is a s-connected and s-simply connected 
Lie groupoid integrating A, then T is a Glanon groupoid. 

Remark 3.12. Ortiz shows in his thesis |31| that multiphcative Dirac structures on a Lie 
groupoid T^M are in one-one correspondence with morphic Dirac structures on its Lie 
algehroid, i.e. Dirac structures Da ^ Pa such that Da is a subalgebroid of Pa TM(BA* 
over asetU C TMeA*. 

By extending this result to complex Dirac structures and using the fact that a multiplica- 
tive generalized complex structure on T^M is the same as a pair of tranversal, complex 
conjugated, multiplicative Dirac structures in the complexified Pr, one Ends an alternative 
method for the proof of our main theorem. 

Applying tliis tlieorem to Example 13.41 and Example 13.91 we obtain immediately the fol- 
lowing 

Theorem 3.13. Let (P, vr) be a Poisson manifold. If T is a s-connected and s-simply 
connected Lie groupoid integrating the Lie algebroid {T*P)tj, then T automatically admits 
a symplectic groupoid structure. 

Similarly, applying Theorem 13.111 to Examples 13.51 and 13.101 we obtain immediately the 
following 

Theorem 3.14. If T is a s-connected and s-simply connected Lie groupoid integrating the 
underlying real Lie algebroid Ar of a holomorphic Lie algebroid A, then T is a holomorphic 
Lie groupoid. 

A Glanon groupoid is automatically a Poisson groupoid, while a Glanon Lie algebroid must 
be a Lie bialgebroid. The following result reveals their connection 

Theorem 3.15. Let T be a Glanon groupoid with its Glanon Lie algebroid A, (r,7r) and 
(A, A*) their induced Poisson groupoid and Lie bialgebroid respectively. Then the corre- 
sponding Lie bialgebroid o/(r,7r) is isomorphic to (A, A*). 

3.4. Tangent Courant algebroid. In [3], Boumaiza-Zaalani proved that the tangent 
bundle of a Courant algebroid is naturally a Courant algebroid. In this section, we study 
the Courant algebroid structure on Ptm in terms of the isomorphism S : TPm Ptm 
defined in (fTn]) . 

We need to introduce first some notations. 



Definition 3.16. (a) The map T : X{M) X{TM) sends V € X(M) to TV = 
a{TV) e X{TM). 

(b) The map T : Q}{M) n^{TM) sends a € n^{M) to Ta = <;{Ta) € n^{TM). 

(c) The map T : C°°(M) ^ C°°(rM) is given by 



T/:=pr2 or/€C°°(TM,M), 



for all functions f £ C°°{M). 



Note that if v. 



c(0) G r„M, then 



T/K) = T/(c(0)) = - 



{foc{t)) 



(13) 



t=o 
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that is, 

T/ = d/ : TM M. 

Now introduce the map T : r(Pj\,/) —?■ T{Ptai) given by 

T{V,a) = ^{TV,Ta) = {TV,Ta) 

for all {V,a) G r(PAf). 

The main result of this section is the following: 
Proposition 3.17. For any ei,e2 € r(Pj\/), we have 

pei,Te2l =T[ei,e2l 
(Tei,Te2)TM = T ((ei, 62)^/) • 



(14) 
(15) 



The following results show that T/ G C°°(rM), TV G X{TM) and Ta G n^{TM) are the 
complete lifts of / G C°°(M), F G X(M) and a G J7i(M) in the sense of [39] , 



Lemma 3.18. For all f G C°°(M) and F G X(M), we have 

TV{Tf) = T{V{f)). 

Proof. Let (j) be the flow of V. For any = c(0) G T^M, we have 



(16) 



(Ty(T/)) (^;^) = (Ty)(t;„)(T/) = a ( | 



ds 

d 
ds 

ds 
d 

~ lit 

- A. 

~ di 



=0 



t=o 

d 



t=o 



=0 
d_ 
ds 



dt 



Mc{t)?j (T/) 

Mc{t)) 

t=o 

{fo^s){c{t)) 



Mcit)) Tf 



s=0 



t=0 



s=0 



ifo<Ps){c{t)) 



V{f){c{t))^T{V{f)){vm). 



t=0 



The following lemma characterizes the sections Ta of il^(TM). 
Lemma 3.19. (a) For all a G n^{M) and V G X{M), we have 

lTV,Ta\TTM =T aV,a\TA4) . 
(b) ^ G n^(TM) satisfies 

for all V G X(M) if and only tf^ = 0. 

Proof (a) Choose V G X(M). Then, using (T — IdT^T^A^"' 
ITF, Taip,„ = MTV), (a* o /)(Ta)U,, 
= lTV,I{Ta)WpM 



□ 



(17) 
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(b) Let ^ G n^{TM) be such that ^(TF) = for ah V € X{M). For any u G TM 
with n 7^ and w € T^iTM), there exists a vector field V € X(M) such that 
TV{u) = V. This yields ^(f) = 0. Therefore, ^ vanishes at all points of TM 
except for the zero section of TM. By continuity, we get ^ = 0. 

□ 

Using this, we can show the following formulas. 
Lemma 3.20. (a) For all V,W e X(M), we have 

[TV,TW] = T[V,W]. 
(b) For any a, f3 e n^{M) and V,W e X{M), we have 

— iTiydTa = T {£vP — ivK") • 

Proof. (a) This is an easy computation, using the fact that if cp is the flow of the 
vector field V, then T(/> is the flow of TV (alternatively, see |27)). 
(b) For any U € X(M), we can compute 

ITU, £tvT/3 - hwdTa^p^^j = TV{Tp, TU) - (T/3, T[V, U]) - TW{Ta, TU) 

+ TU{Ta, TW) + (Tq, T[W, U]) 

= TV (T(/3, U)) - T(/3, [V, U]) - TW (T(q, U)) 
+ TU {T{a,W)) + T{a,[W,U]) 

= T {V{f3, U)) - T{(3, [V, U]) - T {W{a, U)) 
+ T{U{a,W)) + T{a,[W,U]) 

= TIU, IvP - iwda^pM 

= I TU, T{£v(3 - iwda) jp^^,^ . 

We get 

lTU,T{£vl3 - iiyda) - (i?TvT/3 - ijw<i^Ci)\pj.j^j- = 
for all U G X(M) and we can conclude using Lemma [3. 191 □ 

Proof of Proposition \3.17[ Equation (jlSp follows immediately from (jl7p . 

Formula ()14p for the Dorfman bracket on sections of Ptm = T{TM) T*(TM) follows 
from Lemma [3.201 (Note that we can show in the same manner that the Courant bracket 
is compatible with T.) □ 

3.5. Nijenhuis tensor. Now let J : Pj\/ — ?> Pm be a vector bundle morphism over the 
identity. Consider the map 

TJ : TPm ^ TPm, 
and the map TJ deflned by the commutative diagram 

TP TPm , 

S E 

Ptm Ptm 



I.e., 



TJ = T.oTJ oT.-^. 



Then, by definition, we get for all e € r(Pj\/): 

TJ (Te) = (S o TJ) (Te) = S(r( J(e))) = T(^(e)). (18) 
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The following lemma is immediate. 

Lemma 3.21. (a) T(Idp^^) = Idp^^^. 

(b) Let i7 : Pm — ^ Pm be a vector bundle morphism over the identity. Then 

T(j2) = {T{J)f. 

Given a vector bundle morphism J : Pjv/ Pm, we can consider as above 

TMj : TPm Xtm TPm ^ TPm. 
Define TJ\fj '■ Ptm Ptm by the following commutative diagram: 

TAfj 

TPm xtm TPm TPm . 



SxS 



s 



Ptm 'x-tm Ptm -i^jj^ ^ Ptm 

An easy computation using (fT8|) and (|14p yields 

TMj {Tei,Te2) = Mtj (Tei,Te2) 

for all 61,62 E T{Pm)- As in the proof of Lemma 13.191 this implies that TMj and Mfj 
coincide at all points of TM except for the zero section of TM. By continuity, we obtain 
the following theorem. 

Theorem 3.22. Let J :Pm ^ Pm he a vector bundle morphism. Then 

TMj=Mfj. (19) 

3.6. Multiplicative Nijenhuis tensor. Let T^M and T'^M' be Lie groupoids. A map 
<I> : r — 7- r' is a groupoid morphism if and only if the map <I) x $ x $ restricts to a map 

Ar Ar', 

where Ar and A^' are the graphs of the multiplications in F^M and respectively T'^M' . 

Consider the graphs of the multiplications on TV and T*T: 

Att = {{vg,Vh, Vg -k vh) I Vg,Vh G TV, Tt{vh) = T5{vg)} = TAr 

and 

AT*r = {{ag, ah, ag -k an) \ ag,ah G TT, i{ah) = s{ag)}. 

Recall that if 

(AT*r)°'^ = {{ag, ah, -{ag ★ at)) \ ag, at G r*r, i{ah) = s{ag)}, 

i.e. 

Arr ©Ar {AT*rT^ = (W x Id xl) (Ayr ©Ar ^tt) , 

then 

(AT.rr = (TAr)°. 

A map : Pr — 7> Pr is a groupoid morphism if and only if A^r ©Ar At*t is stable under 
the map J x J x J . This yields: 

Lemma 3.23. The map J is a groupoid morphism if and only if Att ©Ar {AT*r)°^ is 
stable under the map J x J x J , where J is defined by ([6]). 
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Since Att = TAy and (Ar*r)°^ — (TAr)°, we get that J' is multiplicative if and only if 
TAr e (rAr)° is stable under J x J x J. 

Similarly, the map J\fj : Pr x r Pr ^ Pr is multiplicative if and only if Afj x J\fj x Afj 
restricts to a map 

{Att ©Ar AT*r) ^Ar (Atf ©Ar Att) ^ Arr ©Ar Att- 

Lemma 3.24. The map Afj is multiplicative if and only if Afj x J\fj x Afj restricts to a 
map 

(TAr ©Ar (TArT) x^^ (TAr ©Ar (TAr)°) ^ TAr ©Ar (^Ar)". 
The following lemma is easy to prove. 

Lemma 3.25. If M is a smooth manifold and N a suhmanifold of M, then the Courant- 
Dorfman bracket on Pm restricts to sections of TN ®TN° . 

Note that TN © [TN)° is a generalized Dirac structure in the sense of [Ij. We get the 
following theorem. 

Theorem 3.26. Let (F^M, JT") he an almost generalized complex groupoid. Then the 
Nijenhuis tensor Mj is a Lie groupoid morphism 

Mj : Pr xr Pr ^ Pr- 

Proof. Choose sections (,2, £.3, ^1,112,113 € r(Pr) such that 

(6,6,e3)|Ar, {r]uV2,r]3)\Ar S r(TAr ©Ar (^Ar)"). 

Then we have 

{JCi,JC2,JC3)W^ {Jvi,JV2,JV3)K e r(TAr ©Ar (^Ar)"). 
From Lemma [3.25| it follows that 

(Mj X Mj X Mj) iiCl,C2,C3),{VUV2,r]3)) 

takes values in 

TAr ©Ar {TArY 

on Ar- By Lemma [3.241 we are done. □ 



3.7. Infinitesimal multiplicative Nijenhuis tensor. 

Definition 3.27. Let : Pr ^ Pr he a Lie groupoid morphism. The map 

2t( J) : Pa ^ Pa 

is defined by the commutative diagramm 

A(Pr) Pa • 



2l(J) 



A(Pr) 



The following lemma can be found in 
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Lemma 3.28. Let ^ : Pr — > Pr be a multiplicative map. Then 

is a vector bundle morphism if and only if 

J : Pr ^ Pr 

is a vector bundle morphism. 

Since the map Afj : Pr xp Pr — Pr is then also a Lie groupoid morphism by Theorem 
I3.26| we can also consider 

2t(A(7) -.Pa^aPa^Pa 

defined by 



A(Pr) XAA(Pr) 



y2 



^A y-A ^A 



A(Pr) Pa 

Er 

The main result of this section is the following. 

Theorem 3.29. Let JT" : Pr ^ Pr be a vector bundle homomorphism and a Lie groupoid 
morphism. Then 



(a) The map 21(^7) is {■ 

(b) in that case, 



) A-orthogonal if and only if J is {■ , •)r -orthogonal and, 
^{Mj)=M^(^jy (20) 
For the proof, we need a couple of lemmas. 

Definition 3.30. Let M he a smooth manifold and l : N ^ M a suhmanifold of M . 

(a) A section ='■ + c^Af is L-related to cm = + ctM if i^*^N = ^m\n o,nd 
On = i*aM- We write then e^ ~t cm- 

(b) Two vector bundle morphisms : P^v Pn CL^d Jm : Pm Pm said to 
be i-related if for each section e^ ofP^, there exists a section cm G Pm such 
that CN ~t CM and JN{e.N) ~t JM{eM)- 

(c) Two vector bundle morphisms Mn '-Pn^nPn^Pn and Mm '■ Pm ^wi Pm ^ 
Pm are t-related if for each pair of sections e^^fN £ r(Pjv), there exist sec- 
tions smJm G r(PA./) such that cn ~i cm, fN ~t /a/ and MN^eN, fN) ~t 

J^Mi^M, fM)- 

Lemma 3.31. Let M be a manifold and N C M a submanifold. Ife^^fN G r(PAr) are 
L-related to sm, fM € r(PM), then JeTv, /tv] ~t {cm, fM}, for the Dorfman and the Courant 
bracket. 



Proof. This is an easy computation, see also [33j. 



n 



Lemma 3.32. If M is a manifold, N C M a submanifold and J'n : Pn ^ Pn and 

Jm '■ Pm Pm two L-related vector bundle morphisms. Then the generalized Nijenhuis 
tensors Afjj^ and Afjj^j- are L-related. 



Proof. This follows immediately from Lemma 13.311 and the definition. 



□ 
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Recall that the Lie algebroid A of a Lie groupoid T^M is an embedded submanifold of 
TV, l: TT. 

Remark 3.33. Note that Lemma [2lU\ states that if u e rA(A(Pr)) and u € rrr(rPr) is 
an extension of u, then 

Sr o it ~j S o u. 

Lemma 3.34. Let T^M be a Lie groupoid and : Pr — Pr vector bundle morphism. 
If J' is multiplicative, then 

(a) 2t(J') : Pa ^ Pa o-nd TJ : P^r Ptv cl^s t-related, and 

(b) and TAfj are t-related. 

Proof. (a) Choose a section ca of P^. Then we have T,j^^{eA) =: u E r(A(Pr)) 
and since A(Pr) C TPr, we find a section u of TPr such that u restricts to 
u. Set ctt := Ti o u. By Lemma 12.101 we have then eA ~t err- Furthermore, 
by construction of A{J), we know that A(J) ou = (TJ) o u on TM e A* = 
TM e TM° C Pr. We have then 

2l(J)(eA) = Sr o k{J) ou^.^oTJ ou = TJ{eTv)- 

(b) By definition of 2t(A/j'), this can be shown in the same manner. □ 

Proof of Theorem Vj.2y[ (a) The map 21(^7) is (• , •)/i-orthogonal if and only if 

{■,-)Ao{%{J)MJ)) = {-r)A- 

We have 

(•,.U=2l((.,.)r)=A((.,.)r)o(Sr\Sr^) 
by definition and 

{■,-)ao{^{j)MJ)) 

= A((. , •)r) o (Sp\ Spi) o (Sr, Sr) o (A( J), A( J)) o Sp^) 

= A((-,-)ro(J, J)) o(Sr\Sfi). 

Since : A(Pr) — > Pa is an isomorphism, we get that is (• , •)A-orthogonal 

if and only if 

A((-,->r)=A((.,.)ro(J,^)) 
and we can conclude. 

(b) Choose sections e^, /a S ^(Pa) and u, w € rA(A(Pr)) such that ca = ° u, 
fA = o V- Choose as in the proof of Lemma 13.341 two extensions u and 
V E TxriTPr) of u and v and set err := S o u and /rr := S o {; G r(PTr)- Then 
we have 

SA ~t err /a ~t frr, 
2t(J)(eA) ~. TJ(eTr) 2t(J)(/A) ~. TJ(/Tr) (21) 

and 

^{Afj)ieA,fA) ~. TAA/CeTrJrr). 
But by Lemma [3.321 (12 ip yields also 

■Ma(j)(eA, /a) '^t A/Tj(eTr, /tf)- 
Since Njj = TJ\fj by Theorem 13.221 we get that 

2t(A(7)(eA, /a) ~i A/'Tj(eTr, /rr) and N<^i^j){eA, fA) ~t A/'Tj'(eTr, /rr)- 
This yields 

2l(A(7)(eA,/A)=AA2i(^)(eA,/A) 
and the proof is complete. □ 
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The following corollary is immediate. 

Corollary 3.35. Let J' : P-p Pr be a vector bundle morphism and a Lie groupoid 
morphism. Then 

3.8. Proof of the integration theorem. Proof of Theorem \3.11\ 

By Lemma I3.28| the map 21(^7) : P^i — >■ is a vector bundle morphism. Since JT^ = 
— Idpp , we have using Lemma 13.211 

By Corollary 13.351 and Theorem I3.29| we get 

A/'2i(j) = 

and 

2l( J') is (• , •)^-orthogonal. 



Since 



A(Pr)^^A(Pr) 



TM e A* ^ TM e A* 

is a Lie algebroid morphism and 



A(Pr 



S|a(Pp) 



TM e A* ^ TM e A* 

is a Lie algebroid isomorphism over the identity, the map 

a(J) = E|A(Pr) o A(J) o (E|A(Pr))"' = E|A(Pr) » A(J) o E-'Ip, 



TM e A* ^ TM e A* 

is a Lie algebroid morphism. 

For the second part, consider the map 

Aj := S-i|p, o o SU(p,) : A(Pr) ^ A(Pr). 

Since J'a : P^ Pa is a Lie algebroid morphism, Aj is a Lie algebroid morphism and 
there is a unique Lie groupoid morphism : Pt Pv such that Aj = A(^). By Lemma 
I3.28| ^ is a morphism of vector bundles. 

We get then immediately Ja = 2t(J'). Since = -Id^, we get ^{J^) = -Ua = 
Idpp) and we can conclude by Theorem 13.291 

This concludes the proof of Theorem 13.111 
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4. Application 



4.1. Holomorphic Lie bialgebroids. Holomorphic Lie algebroids were studied for vari- 
ous purposes in the hterature. See [T3l [2^ \T7\ |36] and references cited there for details. 

By definition, a holomorphic Lie algebroid is a holomorphic vector bundle A X, 
equipped with a holomorphic bundle map A A TX, called the anchor map, and a structure 
of sheaf of complex Lie algebras on A, such that 

(a) the anchor map p induces a homomorphism of sheaves of complex Lie algebras 
from A to Qx', 

(b) and the Leibniz identity 

[VJW] = {p{V)f)W + f[V,W] 
holds for ah V,W £ AiU), f G OxiU) and all open subsets U of X. 

Here A is the sheaf of holomorphic sections of ^ — >• X and Qx denotes the sheaf of 
holomorphic vector fields on X. 

By forgetting the complex structure, a holomorphic vector bundle A ^ X becomes a real 
(smooth) vector bundle, and a holomorphic vector bundle map p : A ^ TX becomes a 
real (smooth) vector bundle map. Assume that A ^ X is a. holomorphic vector bundle 
whose underlying real vector bundle is endowed with a Lie algebroid structure {A, p, [■,■]) 
such that, for any open subset U C X, 

(a) [A{U),A{U)]CA{U) 

(b) and the restriction of the Lie bracket [•, •] to A(U) is C-linear. 

Then the restriction of [•, •] and p from Aoo to A makes A into a holomorphic Lie algebroid, 
where denotes the sheaf of smooth sections of A ^ X. 

The following proposition states that any holomorphic Lie algebroid can be obtained of 
such a real Lie algebroid in a unique way. 

Proposition 4.1 ([24J). Given a structure of holomorphic Lie algebroid on the holomorphic 
vector bundle A ^ X with anchor map A A TX, there exists a unique structure of real 
smooth Lie algebroid on the vector bundle A X with respect to the same anchor map p 
such that the inclusion of sheaves A C ^oo is a morphism of sheaves of Lie algebras. 

By Aji, we denote the underlying real Lie algebroid of a holomorphic Lie algebroid A. In 
the sequel, by saying that a real Lie algebroid is a holomorphic Lie algebroid, we mean 
that it is a holomorphic vector bundle and its Lie bracket on smooth sections induces a 
C-linear bracket on A{U), for all open subset U C X. 

Assume that (A — >■ X,p, [■,■]) is a holomorphic Lie algebroid. Consider the bundle map 
j : A ^ A defining the fiberwise complex structure on A. It is simple to see that the 
Nijenhuis torsion of j vanishes |24j . Hence one can define a new (real) Lie algebroid 
structure on A, denoted by {A — > X, pj, [■, •]-,), where the anchor pj is poj and the bracket 
on T{A) is given by [22] 

[V, w], = [jv, w] + [VJW] - j[v, w] = -j[jv,jw], yv, w e t{a). (22) 

In the sequel, {A — t- X,pj, [•, will be called the underlying imaginary Lie algebroid and 
denoted by Aj. It is known that 

j:Ai^ Ar (23) 

is a Lie algebroid isomorphism |22| . 
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Definition 4.2. A holomorphic Lie bialgebroid is a pair of holomorphic Lie algebroids 
(A, A*) over the base M such that for any open subset U of M, the following compatibility 
holds 

4 [X, Y] = [d, X, Y] + [X, Y] . (24) 

for all X,Y £ AiU). 

Given a holomorphic vector bundle A ^ M, hy we denote the sheaf of holomorphic 
sections of a'^A — > M. Then, similar to the smooth case, A is a holomorphic Lie algebroid 
if and only if there is a sheaf of Gerstenhaber algebras (^*, A, [•,•]) over M [2.3j . 

Proposition 4.3. Let A ^ M be a holomorphic vector bundle. Then (A, A*) is a holo- 
morphic Lie bialgebroid if and only if there is a sheaf of differential Gerstenhaber algebras 
(^•, A, [•,•], d*) over M. 

Proof. The proof is exactly the same as in the smooth case. See \38\ [23t 121] , For the 
completeness, we sketch a proof below. 

We note that, if (A, A*) is a holomorphic Lie bialgebroid, the holomorphic Lie algebroid 
structm'e on A* induces a complex of sheaves : A^^^ over M. From the compat- 

ibility condition ([2l|) and the Leibniz rule, one can prove as in [21j . that 

d4X,f] = [d,XJ] + [X,d,f]. (25) 

for all X G A{U) and / G Op(U). Therefore by Leibniz rule, one proves that 

4 [X, Y] = [d^X, Y] + [X, d^Y] (26) 

for all X, y € A*{U). Thus {A*, A, [•, •], d*) is a sheaf of differential Gerstenhaber algebras 
over M. The converse is obvious. □ 

Let {A, A*) be a holomorphic Lie bialgebroid with anchor p and p*, respectively. The 
following proposition shows that the holomorphic bundle map 

7^t = {popl):T*M^TM. (27) 

is skew-symmetric and defines a holomorphic Poisson structure on M. 

Proposition 4.4. Let (A, A*) be a holomorphic Lie bialgebroid with anchor p and p*, 
respectively. Then 

(a) LdfX = -[d^f,X] for any f G Op{U) and X € A{U); 

(b) = d,{f,g}, yf,ge Op{U); 

(c) pop* = —p^op* andiTM defined by (j27p is a holomorphic Poisson structure on M. 

Proof. The proof is similar to the proofs of Proposition 3.4, Corollary 3.5 and Proposition 
3.6 in ^28j, and is left to the reader. □ 

4.2. Associated real Lie bialgebroids. By Ap and Aj we denote the underlying real 
and imaginary Lie algebroids of A, respectively. We write A*j^ := {A*)pi and Aj := {A*)j 
for the underlying real and imaginary Lie algebroids of the complex dual A* , respectively. 

Lemma 4.5. Let A be a holomorphic Lie algebroid. For any a € T(A*) and f € C^{M), 
we have 

d^a = -{j*od^oj*)a, 
d'f = {fod^)f. 
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Proof. We compute for all X,Y eT{A): 

{dif){X) = pi{X){f) = p{jX)if) = idRf){jX), 
{di{fa)){XX) = Pi{X)a{jY) - pi{Y)a{jX) - a{j[X,Y]j) 

= p{j{X))a{jY) - p{j{Y))a{jX) - a{[j {X) , j {Y )]) 

= {dRa){j{X),j{Y)). □ 

In particular, if the dual A* of A is also endowed with a Lie algebroid structure. Using the 
fact that the complex structure in the fibers of A* is j* , we have: 

diX = -{jod^oj)X, (28) 

dif = ijod^)f (29) 

for ah / G C°°{M) and X £T{A). 

Proposition 4.6. Let (A, A*) be a pair of holomorphic Lie algehroids. The following are 
equivalent 

(a) {A, A*) is a holomorphic Lie hialgehroid; 

(b) {Ar, A*^ is a Lie hialgehroid; 

(c) {Aii,A*j) is a Lie hialgehroid. 

Proof, (b)^(a) It is clear that if (A/j, A|j) is a real Lie bialgebroid then the compatibility 
condition for {A, A*) being a holomorphic Lie bialgebroid is automatically satisfied. 

(a)=^(b) Assume that [/ C M is any open subset, and X G ■A.{U) any holomorphic section. 
Consider the operator C°°(C/,C) T{Ar\u ® C) defined by 

Cxf = d^[X, f] - [d^X, f] - [X, df 7] (30) 

for ah / G C°°(C/,C). Here d^ : T{A'Ar (g) C) ^ T{A'+'^Ar C) is the Lie algebroid 
cohomology differential with the trivial coefficients C of the Lie algebroid A*j^, and X is 
considered as a section of ArIjj. It is simple to check that Cx is a derivation, i.e., 

^xifg) = fJ~-xg + g^xf- 

Since {A, A*) is a holomorphic Lie bialgebroid, it follows that Cxf = 0, V/ G Op{U) 
according to ([25|) . Here we use the fact that d^^f = d^f for any / G Op{U). On the other 
hand, we also have Cxf = since each term in ()30p vanishes |24j . 

Hence it follows that Cxf = for all / G C°^{U,C). Finally, when [/ is a contractible 
open subset of M, A\ij is a trivial bundle, r(74|[7 (gC) is spanned by A{U) over C°°(f7, C). 
It thus follows that d4X,Y] = [d^X,Y] + [X,dX] for any X,Y e T{A\u C). Hence 
{AR,A*fj) is indeed a real Lie bialgebroid. 

(a)<^=>(c): The equivalence between (a) and (c) can be proved similarly, using the equality 
(i^/ = i.d,/forall/G^(C/). □ 

It is well known that Lie bialgebroids are symmetric. Hence {ArjA'^) is a Lie bialgebroid 
if and only if (A'^jAr) is a Lie bialgebroid. As a consequence, we have 

Corollary 4.7. {A, A*) is a holomorphic Lie hialgehroid iff (A*, A) is a holomorphic Lie 
bialgebroid. 

Proposition 4.8. Let {A, A*) he a pair of holomorphic Lie algehroids. 

(a) {Ar,A*j^) is a Lie hialgehroid, if and only if, {Ai,AJ) is a Lie bialgebroid, 

(b) {Ar,A*j) is a Lie hialgehroid, if and only if, (Aj,A'^) is a Lie bialgebroid. 
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Proof. Recall from ([22|) that the Lie bracket on Aj is given by [V^, T^]j = —j[jV,jW] for 
ah V,W £ r{Ai). 



(a) Assume that (A/j, A*j^) is a Lie bialgebroid. Then we have for all V,W T{Aj): 

di[y,w], ^ Uodfoj){-j[jv,jw]) = Uodf)mm) 

= j{[d^{jV),jW] + [jV,d^{jW)]) 
^ -j{[j{diV),jW] + [jV,jidiW)]) 

= [div,w]^ + [v,diw]^, 

which shows that (Aj,A*j) is a Lie bialgebroid. The converse can be shown in 
the same manner. 

(b) Assume that {Aj,A*pf) is a Lie bialgebroid. Then, for all V,W & T{Aj^), we get 

di[V,W] = -{3°d^mV,W]) = -{jodfoj){-j[j{V),j{W)],) 

= -Uod^)i[j{v),j{w)W 

= -j[df{jV),jW], - j[jV,df{jW)]j 
= -j[j{diV),jW]j - j[jV,j{diW)], 

= [diV,W] + [V,diW]. □ 
Hence {Aji,A*j) is a Lie bialgebroid. The converse can be proved similarly. 

Proposition 4.9. Let (A, A*) be a pair of holomorphic Lie algehroids. Then {Ar,A*j) is 
a Lie bialgebroid if and only if Aji endowed with the map Ja^ '■ ^ Ar ^Ar, 



(31) 



is a Glanon Lie algebroid, where tt^* is the Poisson structure on Ar that is induced by the 
Lie algebroid structure on AJ. 

Proof. Assume first that (ApijJ'ar) is a Glanon Lie algebroid. Then the map vr^, is a 
morphism of Lie algebroids T*A — )■ TA, and it follows that {Api, Aj) is a Lie bialgebroid 
[29]. 

Conversely, if {Aii,Aj) is a Lie bialgebroid, the map vr^* is a morphism of Lie algebroids 
T*A —7- TA. According to Proposition 3.12 in |25| up to a scalar, tta{',-) = T^A*i',') + 
ZTTyi* ( J^^-, •) is the holomorphic Lie Poisson structure on A induced by the holomorphic 
Lie algebroid A*. By Theorem 2.7 in |24| . is hence a generalized complex structure. 
Since ^ is a holomorphic Lie algebroid, the map Jar '■ TApi — >■ TAr is a morphism of Lie 
algebroids according to f25]. □ 



We summarize our results in the following: 

Theorem 4.10. Let {A, A*) be a pair of holomorphic Lie algebroids. The following asser- 
tions are all equivalent: 

(a) {A, A*) is a holomorphic Lie bialgebroid; 

(b) {Aji, A'^) is a Lie bialgebroid; 

(c) (Ar,AJ) is a Lie bialgebroid; 

(d) (AjjA'^) is a Lie bialgebroid; 

(e) {Aj,AJ) is a Lie bialgebroid; 



(f) the Lie algebroid Af( endowed with the map Jar '■ ^ Ar ^ Ar, 

4) 

is a Glanon Lie algebroid. 

Example 4.11. Consider a holomorphic Polsson manifold {X,it), where n = ttr + iiri G 
r{A^T^'°X) is a holomorphic Poisson tensor. Let A = TX and A* = {T*X)^, the cotan- 
gent Lie algebroid associated to tt. Then (^4,74*) is a holomorphic Lie bialgehroid. In this 
case, Ar = TX, Aj = {TX)j, A*j, = {TX)l^^ and A* = {TX)l^^. 

4.3. Holomorphic Poisson groupoids. 

Definition 4.12. A holomorphic Poisson groupoid is a holomorphic Lie groupoid T^M 
equipped with a holomorphic Poisson structure vrr € r(A^T^''^r) such that the graph of the 
multiplication AcTxTxTisa coisotropic submanifold, where T stands for T equipped 
with the opposite Poisson structure. 

Many properties of (smooth) Poisson groupoids have a straightforward generahzation in 
this holomorphic setting. We refer to \35\ \2E[ l37] for details. In particular, if T^M is a 
holomorphic Poisson groupoid, then M is naturally a holomorphic Poisson manifold. More 
precisely, there exists a unique holomorphic Poisson structure on M such that the source 
map s : r ^ M is a holomorphic Poisson map, while the target map is then an anti-Poisson 
map. 

As a consequence, M naturally inherits a holomorphic Poisson structure. 

Theorem 4.13 ([371 [23]). T ^ M be a holomorphic Lie groupoid, and vrp a holomor- 
phic Poisson tensor on T. Then (r,7rr) is a holomorphic Poisson groupoid if and only if 
TTp : T*T TT is a morphism of holomorphic Lie groupoids over some map a^,: A* ^ TM 
(which is then the anchor of the Lie algebroid A*). 

For any open subset [/ C M and X € A''{U), it follows as in [371 Theorem 3.1] that 
[X^'jVTr] is a right-invariant holomorphic {k + l)-vector field on ^^. Hence it defines an 
element, denoted in A'^^^{U), i.e. 

(4X)^ = [X^7^^]. 

As in |38) . one proves that {A', A, [•,•], d*) is a sheaf of differential Gerstenhaber algebras 
over M. This proves the following proposition. 

Proposition 4.14. A holomorphic Poisson groupoid naturally induces a holomorphic Lie 
bialgebroid. 

Proposition 4.15. Let {T^M,it) be a holomorphic Poisson groupoid with holomorphic 
Lie bialgebroid {A, A*), where vrr = t^r + ivr/ G r(A^r^'''r). Then 

(a) both {T^M,ttr) and {T^M,itj) are Poisson groupoids; 

(b) the Lie bialgebroids of{T^M, ttr) and {T^M, vr/) are {Ar, ^^^4^) and {Ar, A^^jj^, 
respectively. 

Proof. (a) If vr is a multiplicative holomorphic Poisson structure on T^M, then its 
real and imaginary parts are also multiplicative. It is shown in |24| that both ttr 
and TT/ are Poisson bivector fields. 

"'^We write A^^^^ (respectively A^^^,; for the Lie algebroid (^^, l/4[- , -J^* , l/4p^» ) (respectively 
(A^l/4[.,.]^j,l/4p^j)). 
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(b) We have Im((r*r)^) = (T*r)4^, and Re((T*r)^) = (r*r)4^^ [S^. The Lie 
algebroid structure on {T*T).,^ restricts to the holomorphic Lie algebroid structure 
on A* as follows; the map p : A* ^ TM is just the restriction of vr" to A* = TM° 
seen as a subbundle of T^fT, and the bracket on T*T restricts to a bracket on 
A*. In the same manner, the Lie groupoid (F^M, vr^) induces a Lie algebroid 
structure on Aft* that is the restriction of the Lie algebroid structure on (T*T)t^j^. 
Hence, we can conclude easily. 

□ 

Proposition 4.16. Let (F^M, vr) be a holomorphic Poisson groupoid, with the almost 
complex structure Jp : TF — )• TF. Then 

(a) iTvr : Pr — ^ Pr given by the matrix 

Jr 4 
-J^ 

defines a Glanon groupoid structure on F. 

(b) The Lie algebroid morphism 2l(i7,r) '-^A^^A is given by 

where vr^* is the linear Poisson structure defined on Ar by the Lie algebroid 
A* 

"^1/4-/ ■ 



Proof. (a) By Theorem 2.7 in [23], J'^^ is a generalized complex structure. Since 
(F^M, Jr) is a holomorphic Lie groupoid and (F^M, ttj) is a Poisson groupoid, 
the maps Jr : TF TF, its dual Jf; : r*F T*r and vrj : r*F TV are ah 
multiplicative. 

(b) It is shown in |25) that ar o A{J-p) o a^^ = Jar, and in [29j that c^i^ o A{tt^j) o c;^^ = 
vr^* , since (^/j, A? .) is the Lie bialgebroid of (F^M, vrj). 

1/4-1 i/4-J 

□ 

A holomorphic Lie bialgebroid (74,^4*) is said to be integrable if it is isomorphic to the 
induced holomorphic Lie bialgebroid of a holomorphic Poisson groupoid. 

As a consequence of Theorem 13.111 and Proposition 14.161 obtain the following main 
result of this section. 

Theorem 4.17. Given a holomorphic Lie bialgebroid {A, A*), if the underlying real Lie 
algebroid Ar integrates to a s-connected and s-simply connected Lie groupoid T, then F is 
a holomorphic Poisson groupoid. 

Remark 4.18. This is proved in |25| in the special case where {A, A*) is the holomorphic 
Lie bialgebroid {{T* M)t^,TM) induced from a holomorphic Poisson manifold (M, vr). 
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